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Abstract 

 

 

In this thesis, we explore the study of various fractional differential equations using 

advanced computational methods, the finite-difference method via the Crank-Nicholson 

scheme, the spectral element method based on Legendre polynomials, and a weak Galerkin 

finite-element method. This doctoral research work consists of three distinct parts:  

The first part of this work develops finite difference schemes for fractional diffusion 

equations. A scheme for the Riemann–Liouville space-fractional diffusion equation with a 

Caputo–Fabrizio time derivative is proposed and shown to be unconditionally stable and 

convergent through theoretical analysis and MATLAB simulations. A Crank–Nicolson finite 

difference scheme is then introduced for equations with Riesz space derivatives and Caputo–

Fabrizio time derivatives, with unconditional stability and convergence rigorously proved and 

numerically validated. The second part presents a method of Galerkin spectral elements for a 

fractional scattering equation, with temporal discretization by the standard formula L_1and 

spatial discretization via Legendre polynomials.  

Unconditional stability is ensured by a variational Galerkin formulation, and an error 

analysis is performed. MATLAB simulations validate the accuracy and efficiency of the 

scheme. The final part presents a weak Galerkin finite element method for a reaction-

diffusion-convection equation with a fractional time derivative. The Caputo derivative is 

discretized using the standard formula L_1 on a graded mesh, combined with a weak Galerkin 

spatial discretization, yielding a fully discrete scheme. Stability and convergence are 

analyzed, and numerical tests with MATLAB simulations confirm the method’s effectiveness. 
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